The dependence of physical properties of the electrically charged two-poles monopoleantimonopole pair (MAP) solutions in the Higgs self-coupling constant is previously investigated.
I. INTRODUCTION
Several monopole solutions have been found for SU (2) Yang-Mills-Higgs theory which among those some possess both electric and magnetic charges [1] - [4] . The 't Hooft -Polyakov numerical solution with unit topological charge and spherical symmetry, is the first solution of a class of solutions which are invariant under a U(1) subgroup of the local SU(2) gauge group [1] , [2] . This class of solutions gives rise to Maxwell's electromagnetic field theory after the symmetry breaking. The Bogomol'nyi-Prasad-Sommerfield (BPS) limit for which the Higgs potential is zero, is the only condition in which the exact solutions are available [2] , [5] .
Multimonopole solutions in the SU(2) YMH theory with topological charges greater one, cannot be spherically symmetric [6] . A rich class of axially symmetric numerical multimonopole solutions, including monopole-antimonopole pair (MAP), monopole-antimonopole chain (MAC) and vortex-ring configurations are discussed in the Ref. [7] . For MAP configurations the Higgs field vanishes at even number of isolated points along the symmetry axis whereas the number of these isolated points for MAC configurations is odd. For vortexrings, the Higgs field vanishes on rings centred around the symmetry axis. A further study by Kunz et al., for φ-winding number of n = 3 and varying Higgs self-coupling constant, λ,
showed that for the case of two, three and four poles, there are three different branches of solutions with different total energies and geometrical properties [8] . That study indicates that, two of these branches appear with a bifurcation at a critical value of λ and a higher energy in comparison with the fundamental solution which appear at λ = 0 . Also the transition between vortex-ring and MAC/MAP configurations was first introduced in that study.
An electrically charged monopole is called a dyon. Axially symmetric dyon solutions with electric charge parameter 0 ≤ η ≤ 1, were first introduced by Hartmann et al. [9] . MAP solutions with a critical electric charge were studied in detail in Ref. [10] where a one-dipole and a one-vortex-ring configurations were obtained for different values of φ-winding number n = 1, 2, 3, 4 and 5 and the Higgs self-coupling λ = 0 and 1. The dependence of physical and geometrical properties of electrically charged MAP configurations in the Higgs self-coupling constant, λ, for φ-winding number n = 2, 3 and 4 is summarized in Ref. [11] for larger values of λ.
Here, we investigate the physical and geometrical properties of electrically charged MAC configurations (axially symmetric monopole solutions with vanishing magnetic dipole moment) with three poles, for φ-winding numbers of n = 2, 3, 4, 5 and varying λ and η. Any solution in this case is composed of a number of monopoles (or vortex-rings). The energy of these bound states, is smaller than the energy of the same number of single poles (or rings) with infinite separation between them. However, this energy is still larger than the lower bound of BPS. Hence, these sort of solutions are static equilibrium states which are not stable in general and are referred as saddle point solutions [12] .
The study of Ref. [8] which has investigated the electrically neutral MAP and MAC configurations of two, three and four poles for the case of n = 3 and also the study of Ref.
[11] which investigates the two-poles MAP solutions with n = 2, 3, 4 and 5, have found only one bifurcation for each of those cases. For the first time in this study, the presence of two bifurcation points (and therefore 5 separate branches) for the case of n = 5, is found.
Based on our calculations, in the case of n = 2, the only available solution for the interval of 0 ≤ λ ≤ 144, is fundamental solution and no transition is observed along this solution at this interval. For the case of n = 3, the fundamental solution undergoes two transitions at critical points of λ = λ t1(n=3) and λ = λ t2(n=3) . Also a bifurcation occurs at λ = λ b(n=3) . The lower energy branch (LEB) in this case joins to the fundamental branch at another critical point of λ = λ j(n=3) where both branches come to the end and do not survive for larger values of λ.
For the case of n = 4, a transition is observed along the fundamental solution at λ = λ t1(n=4) . Two new branches appear at the bifurcation point at λ = λ b(n=4) and the higher energy branch (HEB) undergoes transitions at critical points of λ = λ t2(n=4) and λ = λ t3(n=4) .
Finally for the case of n = 5, no transition occurs along the fundamental solution however two bifurcations happen at critical points of λ = λ b1(n=5) and λ = λ b2(n=5) . Two transitions happen along the higher energy branch of the first bifurcation (HEB1) at λ = λ t1(n=5) and λ = λ t2(n=5) while the other branches do not include any transition within the studied interval of λ b1(n=5) ≤ λ ≤ 300.
All of the seven transition points which are detected in this study are geometrically of three major types which we will refer to them as the type 1 (or the reverse type 1), the type 2 (or the reverse type 2) and the type 3 transitions. Also we have studied the dependence of the position of critical points of λ = λ b , λ t and λ j with respect to the electric charge parameter η.
The SU(2) Yang-Mills-Higgs theory and the electromagnetic Ansatz of these new solutions are discussed briefly in the second section. Third section is assigned to numerical procedure and our new results about multiple transitions and bifurcations in the three-poles MAC/vortex-ring configuration and finally we summarize and conclude in the last section.
II. THE SU(2) YANG-MILLS-HIGGS THEORY
The 3+1 dimensional SU(2) YMH Lagrangian is given by
where the vacuum expectation value of the Higgs field is ξ = µ √ λ in which µ is the Higgs field mass and λ is the Higgs self-coupling constant. The covariant derivative of the Higgs field and the gauge field strength tensor are given respectively by
The metric used is g µν = (− + ++). The SU(2) internal group indices a, b, c = 1, 2, 3 and in Minkowski space, µ, ν, α = 0, 1, 2, and 3 . The gauge field coupling constant g, can be scaled away. Now the Euler-Lagrange equation leads us to the following set of equations of
Upon symmetry breaking, the electromagnetic field tensor proposed by 't Hooft is [1]
where,
We can separate the above mentioned Abelian electromagnetic field into two terms,
where
is the Dirac part of the 't Hooft electromagnetic field. For the topological magnetic current density [13] we have
so that, for the conserved topological magnetic charge carried by the Higgs field, we can write
Furthermore, we know that [14] the topological magnetic charge is the total magnetic charge of the system provided that the gauge field is not singular. In our case in this paper, the gauge field is nonsingular thus we can write the Abelian electric field, E i , the Abelian magnetic field, B i , and the net magnetic charge of the system respectively as below
The Ansatz used for solving axially symmetric dyon solutions is
Here the spatial unit vectors are given bŷ
and the isospin unit vectors are given bŷ 
The φ-winding number n (which is equal to the net magnetic charge for vanishing magnetic dipole cases) is a natural number. Here, we consider the values of n = 2, 3, 4, and 5. Using the definitions of h 1 (r, θ) = Φ 1 /|Φ| and h 2 (r, θ) = Φ 2 /|Φ|, the axially symmetric Higgs unit vector will beΦ
Using the Eq. (13) and the definitions of cos κ = sin θ n (h 2 (r, θ)ψ 2 − h 1 (r, θ)R 2 ) and γ = cos α + cos κ, the 't Hooft's magnetic field (including both Maxwell part and Dirac part)
reduces to
Based on Eq. (14), drawing the lines of γ = constant, on the vertical plane of φ = 0, will represent the magnetic field lines. Also it is easy to see that the unit vectors of magnetic field is given by:
Since the gauge field is time independent, the Abelian electric field becomes
Now, like the magnetic field, we can construct the unit vectors of the electric field as well.
At spatial infinity in the Higgs vacuum, the time component of the gauge field is parallel to Higgs field in isospin space [9] , [10] and the proportionality constant is the electric charge parameter, η. Then at large distances we can write:
Therefore, the electric field varies proportionally with the electric charge parameter, 0 ≤ η < 1 and then can be switched off by setting η = 0. The contour plot of the time component of the gauge potential, A 0 = constant, gives the equipotential lines of the electric field which are always perpendicular to the electric field vectors. Also the total electric charge of the system, Q can be evaluated numerically by
In the MAC system of solutions, the symmetry of magnetic charge with respect to the x-y plane (the z axis is the symmetry axis), causes the magnetic dipole moment and consequently the intrinsic angular momentum of the system to vanish.
The electrically charged BPS case defines a lower bound for static energy which is given by [13] 
Hence, the dimensionless total energy of the MAP dyon solution even in the limit of vanishing λ, is more than this lower bound and is given by [7] , [14] ,
III. THE NUMERICAL SOLUTION

A. The boundary conditions
Equations of motion (3) with the gauge field and Higgs field of Ansatz (9), lead us to a system of eight coupled nonlinear second order equations for eight profile functions of the electromagnetic Ansatz. The asymptotic solution at large distances is given by [15] :
As we already mentioned (and is formulated in the condition above), the Higgs field and the time component of the gauge are supposed to be parallel in isospin space at large distances.
The trivial boundary conditions at r = 0 are given by:
and along the z-axis we have:
where A = 1, 2. Here we choose the value of ξ to be one. These sets of separate solutions together with gauge fixing condition r∂ r R 1 − ∂ θ ψ 1 = 0, [7] gives us the complete set of boundary conditions of MAC dyon solutions with three poles.
B. The numerical method
The numerical procedure for this problem consists of two major steps. The first the step is implemented in Maple and the second one is executed in MATLAB. In the first step, finite difference method is used for linearization of the equations. Also Maple is used to produce a Jacobian sparsity pattern for the system of equations. In the second step, the trust-region-reflective algorithm is used to solve the system of equations.
The trust region optimization methods are typically very sensitive to initial approximation [16] , [17] . This means that the quality of convergence 1 and consequently the accuracy of our final result for total energy, total electric charge and geometrical configuration of the charge distribution, are quite sensitive to our initial guess for optimized function. A good choice for the initial guess to find a solution for λ i + δλ, is the solution which is already obtained for λ i . Generally, a smaller value for δλ, causes a better convergence. This means that in 1 The quality of convergence is given by two parameters. Firstly, how small is the main function f (x) which is supposed to become minimized and secondly, how small is first order optimality which is a measure to show how close is the point x to optimal [18] .
order to get a more accurate solution, we need to choose smaller steps and consequently higher number of optimization processes.
On the other hand, according to our previous experiences of numerical calculations in Ref [11] , the stopping criteria of the fsolve package in MATLAB are not adequately accurate in some cases and we need to run the optimization toolbox for a larger number of iterations in order to obtain smoother diagrams for the solutions. Both of these limitations make it necessary to run the optimization toolbox for thousands of times to get a clear and accurate picture of final solution.
In our previous study of Ref. [11] , we used a version of numerical method in which all the numerical data processing steps were manually done. But to avoid the above mentioned inaccuracy, we need to generate a huge amount of numerical data for which the manual processing method will not be adequate.
For the current study, we generated a new version of the numerical method in which the numerical data processing steps are controlled automatically. Also this new method confines the first order optimality of the solutions to a reasonable amount and controls the necessary number of iterations for a proper convergence.
Our polar grid of the size 70 × 60 covers the region of 0 ≤x = r r+1 ≤ 1, and 0 ≤ θ ≤ π.
The origin of the major error in this numerical method is finite difference approximation used in the linearization process and it is found to be of the order of 10 −4 .
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C. The Numerical Results
This study investigates the numerical solutions for the cases with the φ-winding number n = 2, 3, 4, and 5 and the electric charge parameter, 0 ≤ η < 1. The interval probed for the Higgs coupling constant 3 for n = 2, 3 and 4 is 0 ≤ λ ≤ 144 and for n = 5 is 0 ≤ λ ≤ 300.
The fundamental solutions in all cases possess the smallest value of energy. In case of n = 2, no bifurcation (new branching solution) is found. In case of n = 3 there are four critical points including two transition points, a bifurcation point and a joining point. For the case of n = 4, three transitions and one bifurcation are detected and finally in the case of n = 5, there are two bifurcations, and two transitions. The energies of the branches of the second bifurcation of n = 5, are very close to the energy of the lower energy branch of the first bifurcation but geometrical studies beside their electric charge show that these solutions are different solutions with near energies.
All of the solutions mentioned in this paper possess the positive net magnetic charge of n. Transitions in some cases cause the charge distribution to change but the total magnetic charge of the system is always equal to the φ-winding number of the system.
We will refer to the distance of the vortex-rings from x-y plane as D z . The distance of the magnetic poles from x-y plane is shown by d z and the diameter of vortex-rings is shown by d ρ .
The n = 2 Case
This case is a simple case including only the fundamental solution which does not undergo any transition. This solution keeps the three-poles form for the interval of study, 0 ≤ λ ≤ 144. As is illustrated in Figure 1 the separation between poles with unlike magnetic charges, has a minimum value when λ=0.3192 and a local maximum value when λ=2.8021. The electric charge of the solution and the separation of the poles experience a fast drop for 0 ≤ λ < 0.1, while the total energy increases rapidly within this interval. The detailed information about the total energy, electric charge and distance of poles from the centre are summarized in Table I . 
The n = 3 Case
The configuration of magnetic charge for the fundamental solution in this case includes two vortex-rings which are symmetric with respect to the origin and a positively charged magnetic monopole at the centre for λ = 0 ( Figure 5 (d) ). As λ increases the diameter and separation of vortex-rings decrease. At a critical value of λ = λ t1(n=3) , in a transition, two new poles emerge from the centre ( Figure 5 (c) ). The value of λ for this critical point for η = 0.5 is λ t1(n=3) = 2.557. We call this kind of transition as type 1. These new poles move further away from each other along the symmetry axis ( Figure 5 (b) ). In another critical point with λ = λ t2(n=3) , the vortex-rings merge with these new poles on the symmetry axis and the configuration changes into a three-poles MAC configurations ( Figure 5 (a) ). The value of λ for this critical point for η = 0.5 is λ t2(n=3) = 3.079. This second transition is called a type 2 transition in this article 4 . So that, for λ < λ t1(n=3) , we have two vortex-rings and a pole. For λ t1(n=3) ≤ λ < λ t2(n=3) , there are two vortex-rings and three poles and for λ > λ t2(n=3) , we have three poles. During the transition point of λ = λ t1(n=3) , the magnetic charge of the pole which is located at centre changes from positive to negative charge.
Beside the fundamental solution and at a higher energy, two new branches of solution 4 During the transitions of type 2, the poles are always surrounded with very small vortex-rings which are not indexed in this paper joins to the fundamental solution and both solutions stop at this point and do not survive for larger values of λ. The value of λ for the joining point for η = 0.5 is λ j(n=3) = 3.101. So that for the intervals of 0 ≤ λ ≤ λ b(n=3) and λ j(n=3) ≤ λ ≤ 144, there is just one solution while for the interval of λ b(n=3) ≤ λ ≤ λ j(n=3) , we have all three solutions including fundamental, LEB and HEB solutions. Table II summarizes the values of λ in which the transitions, the bifurcation and the joining of branches happen for different values of η. The general sequence of the location of the critical points, λ t1(n=3) < λ b(n=3) < λ t2(n=3) < λ j(n=3) , is valid for all values of electric charge parameter, η, as shown in Figure 2 .
For the electrically neutral case of η = 0, these values are λ t1(n=3) = 2.706, λ b(n=3) = 3.212, λ t2(n=3) = 3.235 and λ j(n=3) = 3.254 5 . Figure 3 which shows the behaviour of magnetic and electric fields, is an illustration of the steps of the transitions for η = 0.5. As can be seen clearly, the pole at the centre for λ < λ t1(n=3) , has positive electric charge. Surprisingly, for the small interval of λ t1(n=3) < λ < λ t2(n=3) , the central pole becomes electrically neutral but again for the interval of Figure 4 illustrates the total energy, the total electric charge and the geometrical parameters of the solutions versus Higgs self-coupling constant λ. As can be seen in this figure, for the case of η = 0.5, the electric charge of the fundamental solution has a minimum in λ = 3.0398. The electric charge of the HEB solution has a maximum at λ = 3.7194
and finally the distance of the poles from the centre of HEB solution has a maximum at λ = 6.2843. More detailed quantitative data of the case n = 3 are summarized in Table III .
The n = 4 Case
For this case, the fundamental solution starts with two symmetric vortex-rings with respect to the origin, a third vortex-ring with smaller diameter on x-y plane and a pole at the centre ( Figure 5 (e) ). As λ increases, the diameter of symmetric vortex-rings and their separation decrease and finally they merge with the third vortex-ring at the transition point of λ = λ t1(n=4) ( Figure 5 (f) ). We call this new kind of transition as a type 3 transition. The The values of Higgs self-coupling constant, λ, for the critical points of the case of n = 4,
for different values of η, are summarized in Table IV . The sequence of the critical points for all values of η, is λ t1(n=4) < λ b(n=4) < λ t2(n=4) < λ t3(n=4) . The occurrence of these critical points versus the electric charge parameter, η, is illustrated in Figure 6 . Figures 7 and 8 show the magnetic and electric field structures for the fundamental solution and HEB solution respectively. The steps of the transitions are shown in these figures. As is illustrated in Figure 7 , all the rings and also the pole at the centre, both before and after the transition, possess positive electric charges. Figure 8 however, indicates a change of electric charge for the pole which is located at the centre, during the transition of reverse type1. As can be seen, the pole at the centre is electrically neutral for the interval of λ < λ t2(n=4) . After the transition however, this pole acquires a positive electric charge.
For the case of n = 4 and η = 0.5, the total electric charge of the fundamental solution has a minimum value at λ = 3.468 and a maximum value at λ = 4.223. The electric charge of the LEB solution also experiences a maximum value in λ = 6.561. 6 There is a crossover point of the electric charge of the fundamental and LEB solutions at λ = 33.416. Finally the separation of the poles of LEB solution reaches a maximum value in λ = 10.016. The details of the total energy, the total electric charge and geometrical properties of the solution are shown in Figure 9 . As can be seen from Figure 9 (e), the separation of the vortex-rings of HEB solution experiences a fast drop exactly before the reverse type 2 transition. More detailed quantitative information about this case is summarized in Table V .
The n = 5 Case
This case also includes four critical points. The configuration of the fundamental solution consists of a pole at the centre and a vortex-ring on the x-y plane for the interval of 0 ≤ λ ≤ 300. Bifurcations occur at higher energies. The first bifurcation takes place when λ = λ b1(n=5) . We will refer to the lower and higher energy branches of this bifurcation as LEB1 and HEB1 respectively. This bifurcation for η = 0.5 occurs at λ b1(n=5) = 8.7. The LEB1 possesses a three-poles configuration for the interval of λ b1(n=5) ≤ λ ≤ 300. However, the HEB1 solution undergoes a reverse type 2 transition at λ = λ t1(n=5) and a reverse type 1 transition at λ = λ t2(n=5) . The effects of these transitions are exactly like what occurs for HEB solution of n = 4 case. For η = 0.5, these transitions occur at λ t1(n=5) = 29.31 and λ t2(n=5) = 33.8. The schematic plot of the transitions are shown in Figure 5 (a) to (d).
The second bifurcation happens at λ = λ b2(n=5) . This critical point possesses a higher energy in comparison with the fundamental solution but its energy is slightly less than the energy of the LEB1 solution. The value of λ for this bifurcation in case of η = 0.5 is λ t1(n=5) = 172.43. We will refer to the branches of this new bifurcation as LEB2 and HEB2. Both of these new solutions have the three-poles structure within the interval of λ b2(n=5) ≤ λ ≤ 300 and no transition occurs here.
This means that we have only one solution for the interval of 0 ≤ λ < λ b1(n=5) . For the interval of λ b1(n=5) ≤ λ < λ b2(n=5) , we have three distinct solutions and finally the number of solutions for the interval of λ b2(n=5) ≤ λ ≤ 300, increases to five distinct solutions. The energy of LEB2 and HEB2 solutions are quite near to the energy of the LEB1 solution. The major guide for us to recognize these solutions as different is their different total electric charges. Indeed, without geometric analysis of these configurations and the detailed study of their electric charges, it was possible to assume the new branches as numerical errors around the LEB1 solution. Figure 10 . The sequence of the critical points for this case is λ b1(n=5) < λ t1(n=5) < λ t2(n=5) < λ b2(n=5) .
The steps of the transitions along the HEB1 solution are shown in Figure 11 . The direction of the magnetic field's unit vectors obviously shows that the sign of the magnetic charge at the centre changes from negative to positive during the transition of reverse type 1 at the critical point of λ = λ t2(n=5) . Also at the same critical point, the electrically neutral pole located at the centre, acquires a positive electric charge.
For the fundamental solution, the diameter of the vortex-ring has a minimum value at λ = 1.284 and a maximum at λ = 3.676. For LEB1 solution, the total electric charge of the solution becomes maximum at λ = 9.328 and the separation of the poles has a maximum at λ = 13.603 and finally for the HEB1 solution, the diameter of the vortex-rings has a maximum value at the point of λ = 57.546. The general form of the total energy, the total electric charge and geometrical properties of the solutions with respect to Higgs self-coupling is shown in Figure 12 .
8 Also Table VII includes detailed data about each one of these five distinct solutions.
IV. SUMMARY AND COMMENTS
The current study investigated the three-poles MAC system of solutions in the SU (2) YMH theory with net magnetic charge, n. For the first time, the presence of more than one 7 This shows that, it would be always useful to study the dyon cases instead of electrically neutral cases.
The study of electric charge can help us to remove some possible degeneracies. 8 Near the second bifurcation point, the quality of convergence decreases rapidly. This is common for all kinds of the bifurcation points but it's more devastative for this bifurcation. So, the related values for geometrical properties of the system at these areas are not accurate and they have just indicative use. bifurcation is shown in this paper. Also the presence of transitions in more than one of the solutions (branches) is introduced for the first time.
For MAC system of the solutions, because of the symmetry of the magnetic charge with respect to the origin, the total magnetic dipole moment and therefore the intrinsic angular momentum of the system vanish. This form of the charge distribution is quite different than what we see in the MAP system of the solutions. In the MAP system, the charge distribution of all solutions are such that the magnetic charge of the upper and lower hemispheres are equal in magnitude but different in sign. In the MAP system, no pole is observed at the centre, but the above mentioned principle is true also for the vortex-rings which appear on x-y plane.
However as we mentioned above, in MAC case, the charge distribution is symmetric with respect to the origin. This causes to have a new kind of magnetic charge distribution for the vortex-rings which are located on x-y plane. Figure 13 shows the difference in the orientation of the magnetic field's unit vectors between two different kinds of vortex-rings. As can be seen clearly, in the two-poles MAP case the upper hemisphere possesses positive electric charge and the lower hemisphere has negative charge. This is while for the vortex-ring of the three-poles MAC system, the negative charge is further from the centre in comparison with the positive charge.
Also the presence of pole at the centre in MAC system causes another difference with MAP system. In MAC system, the sign of the magnetic charge of the pole which is located at the centre changes during the type 1 (or the reverse type 1) transition whereas no such changes occur in the MAP systems. A similar phenomenon is detected for the electric charge of the pole which is located at the centre. The type 1 transition causes the pole at the centre to lose its positive charge for a short interval of λ (for n = 3), and the reverse type 1 transition causes the neutral pole at the centre to acquire a positive electric charge.
This study shows that, considering the electric charge configuration, there are two major kinds of three-poles solutions. For the first group, the pole which is located at the centre has a positive electric charge (Figure 14 (a) ), while for the second group, the pole which is located at the centre, is electrically neutral (Figure 14 (b) ). The three-poles configurations of the LEB and the HEB solutions in case of n = 3 are from first group while the three-poles configurations of the HEB solution in the case of n = 4 and the LEB1, the HEB1, the LEB2 and the HEB2 solutions in the case of n = 5, are from the second group. Figure This transformation for η = 0.5, occurs at λ ≈ 7.
It is found that regardless of the value of φ-winding number of the solutions, the electric charge of the fundamental solutions decreases rapidly within a very small interval of 0 ≤ λ ≤ 0.01. At the same interval the total energy of the solution increases with increasing λ (for η < 0.7). The energy of the bifurcating branches are always larger than the energy of the fundamental solutions. Also this study shows that, the critical points of transition, bifurcation and joining points for larger values of electric charge parameter, η, appear at smaller values of Higgs self-coupling constant, λ.
Finally, as is illustrated in Figure 15 , as we move toward the upper bound of the electric charge parameter, η = 1, the behaviour of total energy changes for very small values of λ.
Total electric charge, Q, is infinite for λ = 0 and η = 1. This fact causes the total energy to blow up. For slightly smaller values of η, the energy is finite but the diagram of total energy still decreases with increasing λ for small values of λ. The energy of the fundamental solution, then experiences a minimum at a critical point with λ < 0.03. 
